Received: October 8, 1999, Accepted: February 19, 2000

HYPER VERSION

Gravitational particle production and the moduli problem

Gary Felder^{ab}, Lev Kofman^b and Andrei Linde^{ac}

aDepartment of Physics, Stanford University Stanford, CA 94305, USA bCITA, University of Toronto 60 St George Str., Toronto, ON M5S 3H8, Canada cTheory Division, CERN CH-1211 Geneva 23, Switzerland E-mail: gfelder@leland.Stanford.EDU, kofman@cita.utoronto.ca,

linde@physics.stanford.edu

Abstract: A theory of gravitational production of light scalar particles during and after inflation is investigated. We show that in the most interesting cases where long-wavelength fluctuations of light scalar fields can be generated during inflation, these fluctuations rather than quantum fluctuations produced after inflation give the dominant contribution to particle production. In such cases a simple analytical theory of particle production can be developed. Application of our results to the theory of quantum creation of moduli fields demonstrates that if the moduli mass is smaller than the Hubble constant then these fields are copiously produced during inflation. This gives rise to the cosmological moduli problem even if there is no homogeneous component of the classical moduli field in the universe. To avoid this version of the moduli problem it is necessary for the Hubble constant H during the last stages of inflation and/or the reheating temperature T_R after inflation to be extremely small.

Keywords: Nonperturbative Effects, Cosmology of Theories beyond the SM, Physics of the Early Universe.

Contents

1. Introduction 1

2. Moduli problem 3

3. Generation of light particles from and after inflation 6

4. Light moduli from inflation 10

1. Introduction

Recently there has been a renewal of interest in gravitational production of particles in an expanding universe. This was a subject of intensive study many years ago, see e.g. [1]. However, with the invention of inflationary theory the issue of the production of particles due to gravitational effects became less urgent. Indeed, gravitational effects are especially important near the cosmological singularity, at the Planck time. But the density of the particles produced at that epoch becomes exponentially small due to inflation. New particles are produced only after the end of inflation when the energy density is much smaller than the Planck density. Production of particles due to gravitational effects at that stage is typically very inefficient.

There are a few exceptions to this rule that have motivated the recent interest in gravitational particle production. First of all, there are some models where the main mechanism of reheating during inflation is due to gravitational production. Even though this mechanism is very inefficient, in the absence of other mechanisms of reheating it may do the job. For example, one may consider the class of theories where the inflaton potential V (ϕ) gradually decreases at large ϕ and does not have any minima. In such theories the inflaton field ϕ does not oscillate after inflation, so the standard mechanism of reheating does not work [2, 3]. To emphasize this unusual feature of such theories we call them non-oscillatory models, or simply NO models [3]. Usually gravitational particle production in such models lead to dangerous cosmological consequences, such as large isocurvature fluctuations and overproduction of gravitinos [3]. In order to overcome these problems, it was necessary to modify the NO models [3] and to use the non-gravitational mechanism of instant preheating for the description of particle production [4].

There are some other cases where even very small but unavoidable gravitational particle production may lead either to useful or to catastrophic consequences [5, 6, 7,

8, 9]. For example, it has recently been found that the production of gravitinos by the oscillating inflaton field is not suppressed by the small gravitational coupling. As a result, gravitinos can be copiously produced in the early universe even if the reheating temperature always remains smaller than 10^8 GeV [8, 9]. Another important example is related to moduli production. 15 years ago Coughlan et al. realized that string theory and supergravity give rise to a cosmological moduli problem associated with the existence of a large homogeneous classical moduli field in the early universe [10]. Soon afterwards Goncharov, Linde and Vysotsky showed that quantum fluctuations of moduli fields produced at the last stages of inflation lead to the moduli problem even if initially there were no classical moduli fields [7]. Thus the cosmological moduli problem may appear either because of the existence of a large long-living homogeneous classical moduli field or because of quantum production of excitations (particles) of the moduli fields. In [3] it was pointed out that the problem of moduli production is especially difficult in the context of NO models, where moduli are produced as abundantly as usual particles.

Recently the problem of moduli production in the early universe was studied by numerical methods in [9], with conclusions similar to those of ref. [7]. As we are going to demonstrate, the main source of gravitational production of light moduli in inflationary cosmology is very simple, and one can study the theory of moduli production not only numerically but also analytically by the methods developed in [7, 3]. This will allow us to generalize and considerably strengthen the results of refs. [7, 9].

In particular, we will see that in the leading approximation the problem of overproduction of light moduli particles is equivalent to the problem of large homogeneous classical moduli fields [7]. We will show that the ratio of the number density of light moduli produced during inflation to the entropy of the universe after reheating satisfies the inequality n_χ s ≳ T_RH^2_0 3mM^2_p

. (1.1)

Here m is the moduli mass, M_p ∼ 2.4 × 10^{18} GeV is the reduced Planck mass, and H_0 is the Hubble constant at the moment corresponding to the beginning of the last 60 e-foldings before the end of inflation.

In the simplest versions of inflationary theory with potentials M^2ϕ^2/2 or λϕ^4/4 one has H_0 ∼ 10^{14} GeV. In such models our result implies that in order to satisfy the cosmological constraint n_χ/s ≲ 10^{−12} one needs to have an abnormally small reheating temperature T_R ≲ 1 GeV. Alternatively one may consider inflationary models where the Hubble constant at the end of inflation is very small. But we will argue that even this may not help, so one may need either to invoke thermal inflation or to use some other mechanisms which can make the moduli problem less severe, see e.g. [11, 12].

In the next section we outline the classical and quantum versions of the moduli problem and explain how each of them can arise in inflationary theory. In section 3 we describe the results of our numerical simulations of gravitational production of light scalar fields during and after preheating. In particular we verify our prediction that the dominant contribution to particle production comes from long-wavelength modes which are indistinguishable from homogeneous classical moduli fields. Finally in section 4 we analytically compute the production of these long wavelength modes and derive eq. (1.1). This section also contains our concluding discussion.

2. Moduli problem

String moduli couple to standard model fields only through Planck scale suppressed interactions. Their effective potential is exactly flat in perturbation theory in the supersymmetric limit, but it may become curved due to nonperturbative effects or because of supersymmetry breaking. If these fields originally are far from the minimum of their effective potential, the energy of their oscillations will decrease in an expanding universe in the same way as the energy density of nonrelativistic matter, ρ_m ∼ a^{−3}(t). Meanwhile the energy density of relativistic plasma decreases as a^{−4}. Therefore the relative contribution of moduli to the energy density of the universe may quickly become very significant. They are expected to decay after the stage of nucleosynthesis, violating the standard nucleosynthesis predictions unless the initial amplitude of the moduli oscillations χ_0 is sufficiently small. The constraints on the energy density of the moduli field ρ_χ and the number of moduli particles n_χ depend on details of the theory. The most stringent constraint appears because of the photodissociation and photoproduction of light elements by the decay products of the moduli fields. For m ∼ 10^2 − 10^3 GeV one has n_χ s ≲ 10^{−12} − 10^{−15} . (2.1)

see [13, 14] and references therein. In this paper we will use a conservative version of this constraint, n_χ/s ≲ 10^{−12}.

If the field χ is a classical homogeneous oscillating scalar field, then this constraint applies to it as well if one defines the corresponding number density of nonrelativistic particles χ by the following obvious relation:

n_χ = ρ_χ m = mχ^2 2 . (2.2)

Let us first consider moduli χ with a constant mass m ∼ 10^2 − 10^3 GeV and assume that reheating of the universe occurs after the beginning of oscillations of the moduli. This is indeed the case if one takes into account that in order to avoid the gravitino problem one should have T_R < 10^8 GeV. We will also assume for definiteness that the minimum of the effective potential for the field χ is at χ = 0; one can always achieve this by an obvious redefinition of the field χ.

Independent of the choice of inflationary theory, at the end of inflation the main fraction of the energy density of the universe is concentrated in the energy of an oscillating scalar field ϕ. Typically this is the same field which drives inflation, but in some models such as hybrid inflation this may not be the case. We will consider here the simplest (and most general) model where the effective potential of the field ϕ after inflation is quadratic,

V (ϕ) =

M^2 2 ϕ^2 . (2.3)

After inflation the field ϕ oscillates. If one keeps the notation ϕ for the amplitude of oscillations of this field, then one can say that the energy density of this field is given by ρ(ϕ) =^{M 2}_2 ϕ^2.

To simplify our notation, we will take the scale factor at the end of inflation to be a_0 = 1. The amplitude of the oscillating field in the theory with the potential (2.3) changes as ϕ(t) = ϕ_0 a^{−3/2}(t) . (2.4)

The field χ does not oscillate and almost does not change its magnitude until the moment t_1 when H^2(t) = ρ_ϕ/3M^2_p becomes smaller than m^2/3. At that time one has ρ_χ ρ_ϕ ∼ m^2χ^2_0 6H^2(t)M^2_p ∼ χ^2_0 2M^2_p

. (2.5)

This ratio, which can also be obtained by a numerical investigation of oscillations of the moduli fields, does not change until the time t_R when reheating occurs because ρ_χ and ρ_ϕ decrease in the same way: they are proportional to a^{−3}.

At the moment of reheating one has ρ_ϕ(t_R) = π^2N(T )T^4_R/30, and the entropy of produced particles s = 2π^2N(T )T^3_R/45, where N(T ) is the number of light degrees of freedom. This yields n_χ s ∼ ρ_χ ms ∼ χ^2_0T_R 3mM^2_p

. (2.6)

Usually one expects T_R ≫ m ∼ 10^2 GeV. Then in order to have n_χ/s < 10^{−12} one would need χ_0 ≪ 10^{−6}M_p. However, it is hard to imagine why the value of the moduli field at the end of inflation should be so small. If one takes χ_0 ∼ M_p, which looks natural, then one violates the bound n_χ/s < 10^{−12} by more than 12 orders of magnitude. This is the essence of the cosmological moduli problem [10].

In general, the situation is more complex. During the expansion of the universe the effective potential of the moduli acquires some corrections. In particular, quite often the effective mass of the moduli (the second derivative of the effective potential) can be represented as m^2_χ = m^2 + c^2H^2 , (2.7)

where c is some constant and H is the Hubble parameter [15]. Higher derivatives of the effective potential may acquire corrections as well. This leads to a different version of the moduli problem discussed in [7], see also [16]. The position of the minimum of the effective potential of the moduli field in the early universe may occur at a large distance from the position of the minimum at present. This may fix the initial position of the field χ and lead to its subsequent oscillations.

A simple toy model illustrating this possibility was given in [11]: V = 1 2 m^2_χχ^2 + c^2 2 H^2 (χ − χ_0)^2 . (2.8)

At large H the minimum appears at χ = χ_0; at small H the minimum is at χ = 0. Thus one would expect that initially the field should stay at χ_0, and later, when H decreases, it should oscillate about χ = 0 with an initial amplitude approximately equal to χ_0. The only natural value for χ_0 in supergravity is χ_0 ∼ M_p. This may lead to a strong violation of the bound (2.1).

A more detailed investigation of this situation has shown [12] that one should distinguish between three different possibilities: c ≫ 1, c ∼ 1 and c ≪ 1.

If c > O(10), the field χ is trapped in the (moving) minimum of the effective potential, its oscillations have very small amplitudes, and the moduli problem does not appear at all [12]. This is the simplest resolution of the problem, but it is not simple to find realistic models where the condition c > O(10) is satisfied.

The most natural case is c ∼ 1. It requires a complete study of the behavior of the effective potential in an expanding universe. There may exist some cases where the minimum of the effective potential does not move in this regime, but in general the effects of quantum creation of moduli in this scenario [7, 9] are subdominant with respect to the classical moduli problem discussed above [7, 16], so we will not discuss this regime in our paper.

Here we will study the case c ≪ 1. In this case the effective mass of the moduli at H ≫ m is always much smaller than H, so the field does not move towards its minimum, regardless of its position. Thus if there is any classical field χ_0 it simply stays at its initial position until H becomes smaller than m, just as in the case considered above, and the resulting ratio n_χ/s is given by eq. (2.6).

The moduli problem in this scenario has two aspects. First of all, in order to avoid the classical moduli problem one needs to explain why χ_0 ∼ 10^{−6} √ m/T_R M_p, which is necessary (but not sufficient) to have n_χ/s < 10^{−12}. Then one should study quantum creation of moduli in an expanding universe and check whether their contribution to n_χ violates the bound n_χ/s < 10^{−12}. This last aspect of the moduli problem was studied in [7, 9].

In inflationary cosmology these two contributions (the contributions to n_χ from the classical field χ and from its quantum fluctuations) are almost indistinguishable. Indeed, the dominant contribution to the number of moduli produced in an expanding universe is given by the fluctuations of the moduli field produced during inflation. These fluctuations have exponentially large wavelengths and for all practical purposes they have the same consequences as a homogeneous classical field of amplitude χ_0 = √ ⟨χ^2⟩. To be more accurate, these fluctuations behave in the same way as the homogeneous classical field ϕ only if their wavelength is greater than H^{−1}. During inflation this condition is satisfied for all inflationary fluctuations, but after inflation the size of the horizon grows and eventually becomes larger than the wavelength of some of the modes. Then these modes begin to oscillate and their amplitude begins to decrease even if at that stage m < H. To take this effect into account one may simply exclude from consideration those modes whose wavelengths become smaller than H^{−1} prior to the moment t ∼ m^{−1} when H drops down to m. It can be shown that in the context of our problem this is a relatively minor correction, so we can use the simple estimate χ_0 = √ ⟨χ^2⟩. In order to evaluate this quantity we will assume that c ≪ 1 and m ≪ H during and after inflation. This reduces the problem to the investigation of the production of massless (or nearly massless) particles during and after inflation. In the next section we study this issue and show that in the most interesting cases where inflationary long-wavelength fluctuations of a scalar field can be generated during inflation, they give the dominant contribution to particle production. This allows us to reduce a complicated problem of gravitational particle production to a simple problem which can be easily solved analytically.

3. Generation of light particles from and after inflation

In this section we will present the results of a numerical study of the gravitational creation of light scalar particles in the context of inflation. Consider a scalar field χ with the potential V (χ) = 1 2 ( m^2 − ξR ) χ^2 , (3.1)

where R is the Ricci scalar. In a Friedmann universe R = −^6_{a2} (äa + ȧ^2). The scalar field operator can be represented in the form χ(x, t) = 1 (2π)^{−3/2} ∫ d^3k [ â_kχ_k(t)e^{ikx} + â^†_kχ^∗_k(t)e^{−ikx} ] , (3.2)

where the eigenmode functions χ_k satisfy

χ̈_k + 3 ȧ a χ̇_k + [( k a )_2 + m^2 − ξR ] χ_k = 0 . (3.3)

By introducing conformal time and field variables defined as η ≡ ∫ dt/a, f_k ≡ aχ_k eq. (3.3) can be simplified to f^{′′}_k + ω^2_kf_k = 0 , (3.4) where primes denote differentiation with respect to η and

ω^2_k = k^2 + a^2m^2 + ( 1 6 − ξ ) a^{′′} a . (3.5)

The growth of the scale factor is determined by the evolution of the inflaton field ϕ with potential V (ϕ). In conformal time a^{′′} = a^{′2} a − 8πa 3 ( ϕ^{′2} − a^2V (ϕ) )

ϕ^{′′} + 2 a^′ a ϕ^′ + a^2 ∂V (ϕ) ∂ϕ = 0 . (3.6)

For initial conditions for the modes f_k, in the first approximation one can use positive frequency vacuum fluctuations f_k =^{1√}_{2k} e^{−ikt}, see e.g. [6]. However, when describing fluctuations produced at the last stages of a long inflationary period, one should begin with fluctuations which have been generated during the previous stage of inflation. For example, for massless scalar fields minimally coupled to gravity instead of f_k =^{1√}_{2k} e^{−ikt} one should use Hankel functions [17]:

f_k(t) = ia(t) H k √ 2 k ( 1 + k i H e^{−H t} ) exp ( i k H e^{−H t} ) , (3.7)

where H is the Hubble constant at the beginning of calculations. To make the calculations even more accurate, one should take into account that long-wavelength perturbations were produced at early stages of inflation when H was greater than at the beginning of the calculations. If the stage of inflation is very long, then the final results do not change much if instead of the Hankel functions (3.7) one uses f_k =^{1√}_{2k} e^{−ikt}. However, if the inflationary stage is short, then using the functions f_k =^{1√}_{2k} e^{−ikt} considerably underestimates the resulting value of ⟨χ^2⟩.

At late times the solutions to eq. (3.4) can be represented in terms of WKB solutions as f_k(η) = α_k(η) √ 2ω_k e^{−i ∫ η ωkdη} + β_k(η) √ 2ω_k e^{+i ∫ η ωkdη} , (3.8) where α_k(η) and β_k(η) play the role of coefficients of a Bogolyubov transformation. This form is often used to discuss particle production because the number density of particles in a given mode is given by n_k = |β_k(η)|^2 and their energy density is ω_kn_k. As we will see, though, the main contribution to the number density of χ particles at late times comes from long-wavelength modes which are far outside the horizon during reheating. As long as they remain outside the horizon these modes do not manifest particle-like behaviour, i.e. the mode functions do not oscillate. In this situation the coefficients α and β have no clear physical meaning. We therefore present our results in terms of the mode amplitudes |f_k(η)|^2, which as we will show contain all the information relevant to number density and energy density at late times.

Figure 1: Fluctuations vs. mode frequency at a late time. The lower plots show runs which started close to the end of inflation, with initial conditions f_k =^{1√}_{2k} e^{−ikt}. The starting times range from ϕ_0 = 1.5M_p (lowest curve) up through ϕ_0 = 2M_p. The highest curve shows the Hankel function solutions given by eqs. (3.10) and (3.11) As we see, calculations with f_k =^{1√}_{2k} e^{−ikt} produce the correct spectrum at large k but underestimate the level of quantum fluctuations at small k.

At late times when a^{′′}/a ∼ H < m the long wavelength modes of χ will be nonrelativistic and their number density will simply be given by eq. (2.2). Moreover the very long wavelength modes which are still outside the horizon at late times (e.g. at nucleosynthesis) will act like a classical homogeneous field whose amplitude is given by

⟨χ^2⟩ = 1 2π^2a^2 ∫ dkk^2|f_k|^2 . (3.9)

It is these very long wavelength modes which will dominate and therefore the quantity of interest for us is the amplitude of these fluctuations.

In our calculations we assumed that m^2 = c^2H^2 with c ≪ 1; the results shown are for c = 0 but we also did the calculations with c = .01 and found that the results were independent of c in this range.

Figure 1 shows the results of solving eq. (3.4) for a model with the inflaton potential V (ϕ) =^1_4 λϕ^4. These data were taken after ten oscillations of the inflaton field. The vertical axis shows k^2|f_k|^2 as a function of the momentum k. The momentum is shown in units of the Hubble constant at the end of inflation.

The different plots represent runs with different starts of inflation, i.e. with different initial values of ϕ. They all coincide in the ultraviolet part of the spectrum, but the runs which started towards the end of inflation show a significant suppression in the infrared. This shows that fluctuations produced during inflation are the primary source of the infrared modes, which in turn dominate the number density.

The curve on top shows the Hankel function solutions (3.7), which give

|f_k|^2 = a^2H^2 2k^3

(3.10)

for de Sitter space, i.e. for a constant H. In the figure, we have corrected this expression by using for each mode the value of the Hubble constant at the moment when that mode crossed the horizon. For the λϕ^4 model shown here the appropriate Hubble parameter for each mode can be approximated as

H_k = √ 2πλ 3 ( ϕ^2_e − 1 π ln ( k H_e )) , (3.11)

where ϕ_e and H_e are the values of the inflaton and the Hubble parameter respectively at the end of inflation.

Note that if the Hankel function solutions (3.7) are used as initial conditions for a numerical run then they do not change as the modes cross the horizon, so the upper curve of the plot can also be obtained from such a run. Relative to this upper curve it’s easy to see how the numerical runs show suppression in the infrared due to starting inflation at late times and choosing the initial conditions in the form f_k =^{1√}_{2k} e^{−ikt}, and suppression in the ultraviolet due to the end of inflation. The latter suppression is physically realistic. The infrared suppression should occur at a wavelength corresponding to the Hubble radius at the beginning of inflation.

The different regions of the graph illustrate effects which occurred at different times. During inflation long wavelength modes crossed the horizon at early times. Thus the far left portion of the plot shows the modes which crossed earliest. They have the highest amplitudes both because they were frozen in earliest and because the Hubble constant was higher at earlier times when they were produced. The lower plots don’t show these high amplitudes because inflation began too late for these modes to cross outside the horizon and be amplified. Farther to the right the curve shows modes which were only slightly if at all amplified during inflation. The far right modes were produced during the fast rolling and oscillatory stages. These modes are not frozen and can be described meaningfully in terms of α and β coefficients. The regularized expression

|f_k|^2 = 1 ω_k [ |β_k|^2 + Re ( α_kβ^∗_k e^{−2i ∫ ωkdη} )] (3.12)

shows why the amplitudes of these modes oscillate as a function of k.

In short inflationary fluctuations are primarily responsible for producing infrared modes and post-inflationary effects account for ultraviolet modes, but it is the infrared modes that were outside the horizon at the end of inflation which dominate the number density at late times. The earlier inflation began the farther this distribution will extend into the infrared, and the long wavelength end of this spectrum will always give the greatest contribution to the number density of χ particles.

Our numerical calculations are similar to those of Kuzmin and Tkachev [6]. However, they took a rather small initial value of the classical scalar field ϕ, which resulted in less than 60 e-folds of inflation. As initial conditions for the fluctuations they used f_k =^{1√}_{2k} e^{−ikt}. They pointed out that the results of such calculations can give only a lower bound on the number of χ particles produced during inflation. Consequently, similar calculations performed in [9] could give only a lower bound on the number of moduli fields produced in the early universe.

Our goal is to find not a lower bound but the complete number of particles produced at the last stages of inflation in realistic inflationary models, where the total duration of inflation typically is much greater than 60 e-foldings. One result revealed by our calculations is that the effects of an arbitrarily long stage of inflation can be mimicked by the correct choice of “initial” conditions chosen for the modes χ_k after inflation. Instead of using the Minkowski space fluctuations f_k =^{1√}_k e^{−ikt} used in [6] as well as in our numerical calculations, one should use the de Sitter space solutions (3.7), with H corrected to the value it had for each mode at horizon crossing. Using these modes at the end of inflation is equivalent to running a simulation with a long stage of inflation.

Our numerical calculations confirmed the result that we are going to derive analytically in the next section (see also [3]): The number of χ particles (n_χ ∼ m⟨χ^2⟩) produced during the stage of inflation beginning at ϕ = ϕ_0 in the simplest model M^2ϕ^2/2 is proportional to ϕ^4_0, whereas in the model λϕ^4/4 it is proportional to ϕ^6_0. Thus the total number of particles produced during inflation is extremely sensitive to the choice of initial conditions. If one considers ϕ_0 corresponding to the beginning of the last 60 e-folds of inflation, the total number of particles produced at that stage appears to be much greater than the lower bound obtained in [6]. As we will see, this will allow us to put a much stronger constraint on the moduli theories than the constraint obtained in [9].

4. Light moduli from inflation

The numerical results obtained in the previous section confirm our expectation that in the most interesting cases where long-wavelength inflationary fluctuations of light scalar fields can be generated during inflation, they give the dominant contribution to particle production. In particular, in the case of c ≪ 1, m ≪ H most moduli field fluctuations are generated during inflation rather than during the post-inflationary stage. These fluctuations grow at the stage of inflation in the same way as if the moduli field χ were massless [17]: d⟨χ^2⟩ dt = H^3 4π^2

. (4.1)

If the Hubble constant does not change during inflation, one obtains the well-known relation ⟨χ^2⟩ =

H^3 t 4π^2

. (4.2)

However, in realistic inflationary models the Hubble constant changes in time, and fluctuations of the light fields χ with m ≪ H behave in a more complicated way.

As an example, let us consider the case studied in the last section. Here inflation is driven by a field ϕ with an effective potential V (ϕ) =^λ_4 ϕ^4 at ϕ > 0. This potential could be oscillatory or flat for ϕ < 0. We consider a light scalar field χ which is not coupled to the inflaton field ϕ, and which is minimally coupled to gravity.

The field ϕ during inflation obeys the following equation:

3Hϕ̇ = −λϕ^3 . (4.3)

Here H = 1 2 √ λ 3 ϕ^2 M_p . (4.4)

These two equations yield the solution [17]

ϕ = ϕ_0 exp ( −2 √ λ 3 M_pt ) , (4.5)

where ϕ_0 is the initial value of the inflaton field ϕ. In this case eq. (4.1) reads: d⟨χ^2⟩ dt = λ √ λ 96 √ 3π^2 ϕ^6_0 M^3_p exp ( −12 √ λ 3 M_pt ) (4.6)

The result of integration at large t converges to

⟨χ^2⟩ = λ 2 ( ϕ^3_0 24πM^2_p

)_2

. (4.7)

This result agrees with the results of our numerical investigation described in the previous section.

From the point of view of the moduli problem, these fluctuations lead to the same consequences as a classical scalar field χ which is homogeneous on the scale H^{−1} and which has a typical amplitude

χ_0 = √ ⟨χ^2⟩ = √ λ 2 ϕ^3_0 24πM^2_p

. (4.8)

A similar result can be obtained in the model V (ϕ) =^{M 2}_2 ϕ^2. In this case one has [17]

ϕ(t) = ϕ_0 − √ 2 3 M_pMt . (4.9)

The time-dependent Hubble parameter is given by H = M √ 6M_p ϕ(t) , (4.10)

which yields χ_0 = √ ⟨χ^2⟩ =

Mϕ^2_0 8π √ 3M^2_p

. (4.11)

As we see, the value of χ_0 depends on the initial value of the field ϕ. This result has the following interpretation. One may consider an inflationary domain of initial size H^{−1}(ϕ_0). This domain after inflation becomes exponentially large. For example, its size in the model with V (ϕ) =^{M 2}_2 ϕ^2 becomes [17]

l ∼ H^{−1}(ϕ_0) exp ( ϕ^2_0 4M^2_p ) . (4.12)

In order to achieve 60 e-folds of inflation in this model one needs to take ϕ_0 ∼ 15M_p. This implies that a typical value of the (nearly) homogeneous scalar field χ in a universe which experienced 60 e-folds of inflation in this model is given by

χ_0 = √ ⟨χ^2⟩ ∼ 5M . (4.13)

In realistic versions of this model one has M ∼ 5 × 10^{−6}M_p ∼ 10^{13} GeV [17]. Substitution of this result into eq. (2.6) gives n_χ s ∼ 2 × 10^{−10} T_R m . (4.14)

This implies that the condition n_χ/s ≲ 10^{−12} requires that the reheating temperature in this model should be at least two orders of magnitude smaller than m. For example, for m ∼ 10^2 GeV one should have T_R ≲ 1 GeV, which looks rather problematic.

This result confirms the basic conclusion of ref. [7] that the usual models of inflation do not solve the moduli problem. Our result is similar to the result obtained in [9] by numerical methods, but it is approximately two orders of magnitude stronger. The reason for this difference is that the authors of ref. [9] used a much smaller value of ϕ_0 in their numerical calculations. Consequently, they took into account only the particles produced at the very end of inflation, whereas the leading effect occurs at earlier stages of inflation, i.e. at larger ϕ.

In general one can get a simple estimate of χ_0 = √ ⟨χ^2⟩ by assuming that the universe expanded with a constant Hubble parameter H_0 during the last 60 e-folds of inflation. To make this estimate more accurate one should take the value of the Hubble constant not at the end of inflation but approximately 60 e-foldings before it, at the time when the fluctuations on the scale of the present horizon were produced. The reason is that the largest contribution to the fluctuations is given by the time when the Hubble constant took its greatest values. Also, at that stage the rate of change of H was relatively slow, so the approximation H = H_0 = const. is reasonable. Thus one can write

χ_0 = √ ⟨χ^2⟩ ≳ H_0 2π √ H_0t ∼ H_0 2π √ 60 ∼ H_0 . (4.15)

This gives n_χ s ≳ T_R H^2_0 3m M^2_p

. (4.16)

In the simplest versions of chaotic inflation with potentials M^2ϕ^2/2 or λϕ^4/4 one has H_0 ∼ 10^{14} GeV, which leads to the requirement T_R ≲ 1 GeV. But this equation shows that there is another way to relax the problem of the gravitational moduli production: one may consider models of inflation with a very small value of H_0 [7]. For example, one may have n_χ/s ∼ 10^{−12} for T_R ∼ H_0 ∼ 10^7 GeV.

However, this condition is not sufficient to resolve the moduli problem; the situation is more complicated. First of all, it is very difficult to find inflationary models where inflation occurs only during 60 e-foldings. Typically it lasts much longer, and the fluctuations of the light moduli fields will be much greater. This is especially obvious in the theory of eternal inflation where the amplitude of fluctuations of the light moduli fields can become indefinitely large [17]. In particular, if the condition m^2_χ ∼ m^2 + c^2H^2 with c ≪ 1 remains valid for χ ≳ M_p, then one may expect the generation of moduli fields χ > M_p. This should initiate inflation driven by the light moduli [3]. Then the situation would become even more problematic: we would need to find out how one could produce baryon asymmetry of the universe after the light moduli decay and how one could obtain density perturbations δρ/ρ ∼ 10^{−4} in such a low-scale inflationary model.

One may expect that the region of values of χ where its effective potential has small curvature m^2 ≪ H^2 may be limited, and may even depend on H. Then the existence of a long stage of inflation would push the fluctuations of the field χ up to the region where its effective potential becomes curved, and instead of our results for χ_0 one should substitute the largest value of χ for which m^2_χ < H^2. In such a situation one would have a mixture of problems which occur at c ≪ 1 and at c ∼ 1.

Finally, we should emphasize that all our worries about quantum creation of moduli appear only after one makes the assumption that for whatever reason the initial value of the classical field χ in the universe vanishes, i.e. that the classical version of the moduli problem has been resolved. We do not see any justification for this assumption in theories where the mass of the moduli field in the early universe is much smaller than H. Indeed, in such theories the classical field χ initially can take any value, and this value is not going to change until the moment t ∼ H^{−1} ∼ m^{−1}. The main purpose of this paper was to demonstrate that even if one finds a solution to the light moduli problem at the classical level, the same problem will appear again because of quantum effects.

This does not mean that the moduli problem is unsolvable. One of the most interesting solutions is provided by thermal inflation [11]. The Hubble constant during inflation in this scenario is very small, and the effects of moduli production there are rather insignificant. Another possibility is that moduli are very heavy in the early universe, m^2_χ = m^2 + c^2H^2, with c > O(10), in which case the moduli problem does not appear [12]. The main question is whether we really need to make the theory so complicated in order to avoid the cosmological problems associated with moduli. Is it possible to find a simpler solution? One of the main results of our investigation is to confirm the conclusion of ref. [7] that the simplest versions of inflationary theory do not help us to solve the moduli problem but rather aggravate it.

In conclusion we would like to note that the methods developed in this paper apply not only to the theory of moduli production but to other problems as well. For example, one may study the theory of gravitational production of superheavy scalar particles after inflation [5, 6]. If these particles are minimally coupled to gravity and have mass m ≪ H during inflation, then one can use our eqs. (4.8), (4.11) to calculate the number of produced particles. These equations imply that the final result will strongly depend on ϕ_0, i.e. on the duration of inflation. If inflation occurs for more than 60 Hubble times, the production of particles with m ≪ H is much more efficient than was previously anticipated. As we just mentioned, if ϕ_0 is large enough then the production of fluctuations of the field χ may even lead to a new stage of inflation driven by the field χ [3]. On the other hand, if m is greater than the value of the Hubble constant at the very end of inflation, then quantum fluctuations are produced only at the early stages of inflation (when H > m). These fluctuations oscillate and decrease exponentially during the last stages of inflation. In such cases the final number of produced particles will not depend on the duration of inflation and can be unambiguously calculated. We hope to return to this question in a separate publication.

Acknowledgments

The authors are grateful to I. Tkachev for useful discussions. This work was supported by NSERC and CIAR and by NSF grant AST95-29-225. The work of G.F. and A.L. was also supported by NSF grant PHY-9870115, and the work of L.K. and A.L. by NATO Linkage Grant 975389.

References

[1] Ya.B. Zel’dovich and A.A. Starobinsky, Zh. Eksp. Theor. Fiz. 61 (1971) 2161; Particle production and vacuum polarization in an anisotropic gravitational field, Sov. Phys. JETP 34 (1972) 1159;

L.P. Grishchuk, Lett. Nuovo Cim. 12 (1975) 60; Amplification of gravitational waves in an istropic universe, Sov. Phys. JETP 40 (1975) 409;

S.G. Mamaev, V.M. Mostepanenko and A.A. Starobinsky, Sov. Phys. JETP 43 (1976) 823;

A.A. Grib, S.G. Mamaev, V.M. Mostepanenko, Gen. Rel. Grav. 7 (1976) 535; Vacuum quantum effects in strong fields, Energoatonizdat, Moscow 1988.

[2] L.H. Ford, Gravitational particle creation and inflation, Phys. Rev. D 35 (1987) 2955;

B. Spokoiny, Deflationary universe scenario, Phys. Lett. B 315 (1993) 40 [gr-qc/9306008];

M. Joyce, On the expansion rate of the universe at the electroweak scale, Phys. Rev. D 55 (1997) 1875 [hep-ph/9606223];

M. Joyce and T. Prokopec, Turning around the sphaleron bound: electroweak baryogenesis in an alternative post-inflationary cosmology, Phys. Rev. D 57 (1998) 6022 [hep-ph/9709320];

P.J.E. Peebles and A. Vilenkin, Quintessential inflation, Phys. Rev. D 59 (1999) 063505 [astro-ph/9810509].

[3] G. Felder, L. Kofman and A. Linde, Inflation and preheating in no models, Phys. Rev.

D 60 (1999) 103505 [hep-ph/9903350].

[4] G. Felder, L. Kofman and A. Linde, Instant preheating, Phys. Rev. D 59 (1999) 123523 [hep-ph/9812289].

[5] D.J. H. Chung, E.W. Kolb and A. Riotto, Superheavy dark matter, Phys. Rev. D 59 (1999) 023501 [hep-ph/9802238].

[6] V. Kuzmin and I. Tkachev, Matter creation via vacuum fluctuations in the early universe and observed ultra-high energy cosmic ray events, Phys. Rev. D 59 (1999) 123006 [hep-ph/9809547].

[7] A.S. Goncharov, A.D. Linde, and M.I. Vysotsky, Towards a supersymmetric cosmology, Phys. Lett. B 147 (1984) 27.

[8] R. Kallosh, L. Kofman, A. Linde and A.V. Proeyen, Gravitino production after inflation, hep-th/9907124.

[9] G.F. Giudice, I. Tkachev and A. Riotto, Non-thermal production of dangerous relics in the early universe, J. High Energy Phys. 08 (1999) 009 [hep-ph/9907510].

[10] G.D. Coughlan, W. Fischler, E.W. Kolb, S. Raby and G.G. Ross, Cosmological problems for the polonyi potential, Phys. Lett. B 131 (1983) 59.

[11] D.H. Lyth and E.D. Stewart, Cosmology with a TeV mass gut Higgs, Phys. Rev. Lett.

75 (1995) 201 [hep-ph/9502417]; Thermal inflation and the moduli problem, Phys. Rev. D 53 (1996) 1784 [hep-ph/9510204].

[12] A. Linde, Relaxing the cosmological moduli problem, Phys. Rev. D 53 (1996) 4129 [hep-th/9601083].

[13] J. Ellis, G.B. Gelmini, J.L. Lopez, D.V. Nanopoulos and S. Sarkar, Astrophysical constraints on massive unstable neutral relic particles, Nucl. Phys. B 373 (1992) 399; T. Asaka and M. Kawasaki, Cosmological moduli problem and thermal inflation models, Phys. Rev. D 60 (1999) 123509 [hep-ph/9905467].

[14] L. Randall and S. Thomas, Solving the cosmological moduli problem with weak scale inflation, Nucl. Phys. B 449 (1995) 229 [hep-ph/9407248].

[15] M. Dine, W. Fischler and D. Nemeschansky, Solution of the entropy crisis of supersymmetric theories, Phys. Lett. B 136 (1984) 169;

G.D. Coughlan, R. Holman, P. Ramond and G.G. Ross, Supersymmetry and the entropy crisis, Phys. Lett. B 140 (1984) 44.

[16] M. Dine and A.E. Nelson, Dynamical supersymmetry breaking at low-energies, Phys.

Rev. D 48 (1993) 1277 [hep-ph/9303230];

G. Dvali, Inflation versus the cosmological moduli problem, hep-ph/9503259; M. Dine, L. Randall and S. Thomas, Supersymmetry breaking in the early universe, Phys. Rev. Lett. 75 (1995) 398 [hep-ph/9503303].

[17] A.D. Linde, Particle physics and inflationary cosmology, Harwood, Chur, Switzerland 1990).

[18] L. Kofman, A. Linde and A.A. Starobinsky, Towards the theory of reheating after inflation, Phys. Rev. D 56 (1997) 3258 [hep-ph/9704452].